
 Finite difference method (Central difference) 

 Steady state convection diffusion equation 

□ Motivation and Objective 
 In convection diffusion problems, transport process dominates diffusion effects. 
 Therefore, the solution has a boundary layer and a numerical solution by central difference FDM 
   oscillates unnaturally in the layer, although it converges for sufficiently small mesh width. 
 Remove oscillation by upwinding to capture stabilty of solution and apply upwinding to 
   problems in 2 dimension. 

□ Application 

 Convection diffusion problem in 2 dimension 

□ Conclusion 

 Numerical solutions by central difference FDM may oscillate 
   if mesh width 𝒉 is not small enough. 
 This problem stems from the dramatic change of solution 
   value on the boundary layer. 

– One solution is “upwinding” which decouples the boundary 
   values to the others.  

Upwinding is practical when the number of mesh points is small  
– Use one sided derivative on the side away from the layer.  
– If mesh width 𝒉 is small enough, central difference FDM 
   is more efficient in error consistency. 
– Upwinding can also be used for 2D problems. 
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Upwinding method has its advantage for  relatively small mesh points but the error consistency 
is not stable since the error consistency also needs enough mesh points.  

Exact solution 

In the figure of exact solution, solution surface drastically decreases near the boundary layer 
at 𝑥 = 1 and 𝑦 = 0. Therefore we can  expect what kind of upwinding process will be useful. 
From the condition 𝛽 1 = 2 > 0 and 𝛽 2 = −2 < 0, I used backward difference for 
x variable and forward difference for y variable in the convection term. Notice that upwinding 
process is useful for small number of mesh points, but error consistency is only 𝑂 ℎ , 
where central difference FDM has error consistency 𝑂 ℎ2  for sufficiently large number of  
   mesh points. 

Forward difference 

Partition 0,1  by the equidistant mesh 𝑥𝑖 = 𝑖ℎ for 𝑖 = 0, … ,𝑁 + 1 and ℎ = 1
𝑁+1

 . Then, 

(𝑢𝑖)𝑥 =
𝑢𝑖+1 − 𝑢𝑖−1

2ℎ
 

-ε∆𝑢 + 𝛽 ∙ 𝛻𝑢 = 𝑓 
𝑢 = 0 

-ε𝑢𝑥𝑥 + 𝛽𝑢𝑥 = 𝑓 
𝑢 = 0 

in 𝜕Ω 
on Ω 

where 0 < ε ≪ 1 and Ω is bounded  in ℝ2 with a piecewise Lipschitz continuous  
boundary 𝜕Ω.  Problems in one dimension are posed similarly as follows. 

on (𝑎, 𝑏) ⊂ ℝ 
in 𝑎, 𝑏 

□ Numerical experiments 

(𝑢𝑖)𝑥𝑥 =
𝑢𝑖+1 + 𝑢𝑖−1 −2𝑢𝑖

ℎ2
 

 Convection diffusion problem in 1 dimension 
Set ε = 10−2 ,   𝛽 = 2 and 𝑓 is chosen appropriately for exact solution 

𝑢 = sin 𝜋𝑥 𝑒4𝑥  
Notice that this solution satisfies boundary condition.  

N  =  5 N  = 10 

N  =  40 Exact solution 
Although  numerical solution converges to exact solution  for sufficiently large number of  
mesh points, it oscillates unlike the exact solution for relatively small number of points. 
This problem arises since the difference of the data on the boundary layer is dramatic so that 
it affects to the other data. Therefore we use the upwinding to decouple the boundary condition. 
 
 Upwinding  

(𝑢𝑖)𝑥 =
𝑢𝑖+1 − 𝑢𝑖

ℎ
 (𝑢𝑖)𝑥 =

𝑢𝑖 − 𝑢𝑖−1
ℎ

 if 𝛽 > 0  , if 𝛽 < 0   

In order to decouple the boundary condition we use one sided derivative for 𝑢𝑥 on the side 
away from the layer. By using the upwinding, we can find the solution without oscillation. 
 

N  =  10 N  =   5 

L2 norm 
Error 

N=4 N=6 N=8 N=10 N=15 N=20 N=40 N=80 N=160 

Central 
Differnce  

2.0573 1.8763 1.5477 1.2305 0.6708 0.3846 0.0916 0.0188 0.0034 

Upwinding 1.1238 1.8244 1.9578 1.9088 1.6217 1.3531 0.7511 0.3540 0.1444 

Set ε = 10−2 , 𝛽 = (2,−2)𝑇 and  𝑓 is chosen appropriately for exact solution 

𝑢 = sin 𝜋𝑥 sin(𝜋𝑦)( 𝑒2𝜋𝑥 + 𝑒2𝜋(1−𝑦))/(4𝑒𝜋) 

Backward difference 

L2 norm 
Error 

N=4 N=6 N=8 N=10 N=20 N=30 N=40 N=80 

Central 
Differnce  

0.6600 
 

0.2102 0.1052 0.0675 0.0188 0.0087 0.0050 0.0013 

Upwinding 0.0580 0.0868 0.0955 0.0954 0.0732 0.0561 0.0451 0.0250 

N  =  8 (Central) N  =   8 (Upwinding) 

N  = 100 (Central) 

□ Model problem 

Boundary layer 
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