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Gap between “large” and “small” scales increases 
with increasing . 

(massless particle trajectory) 

- (right) :  TRANS  

 
 
 
 
 
 

(vortex) 
- (left): DNS 
- (right) : DNS  
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- Forcing parameter:  

- Fluid properties: 

- Geometric parameter:  

 
- Heat flux:  
- Degree of turbulence:  

For  
Turbulence:  
Soft turbulence regime:  
Hard turbulence regime:  
 
 
 
 
 
 
 
 
 
 

- Oscillatory instability sets in at . 
- (b): Sinusoidal displacement pattern propagates. 
- Flow becomes unstable and chaotic with 

increasing . 
<Temperature in the mid-plane > 

 
 

 
 

 
 
 
 
 

- (left):  as a function of  in the mid-plane for  and 
 (dashed line) and  (continuous line) 

- (right) :  as a function of  for . 

 
 
 
 
 
 

Temperature contour in the mid-plane 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

- Rayleigh:  
- Conduction: 

 
- Convection: 

 
 

 

 
 

: 

Region adjacent to the wall is described by the 
conduction layer scales. 

:

Second order moments of the velocity and 
temperature field are correlated by the convection 
scaling.  

 

Maximum  available with DNS: . 
 
Spatial resolution requirement for DNS,  
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- Turbulent convection depends on Rayleigh 
number, Prandtl number and aspect ratio.  

- The flow changes its scale, structure, Nusselt, 
Reynolds number scaling.  

- Many ways of scaling exist which correlate 
statistics of the flow.  

- Future work: Lagrangian study of turbulent 
convection.  
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State Constrained Optimal Control 

S L

I

A

R
βSΛ

pκL

(1− p)κL

(1 − f)αI
fαI

ηA

νS

S : Susceptible
L : Latent
 I : Infective
A : Asymptomatic
R : Recovered

S′ = −βSΛ − ν(t)S
L′ = βSΛ − κL
I ′ = pκL− αI − τI
A′ = (1− p)κL− ηA
R′ = fαI + τI + ηA+ ν(t)S

Λ = εL+ (1 − q)I + δA

Goal
1. Minimize the number of infective individuals

2. Minimize the cost of vaccination

3. Restrict the daily amount of vaccination

4. Restrict the total amount of vaccination

5. vaccination rate     0≥

Parameter description
α recovery rate of symptomatic
η recovery rate of asymptomatic
κ 1/duration of latent period
p proportion to be symptomatic
f 1-case fatality rate
ε reduction of infectivity of latent
q quarantine, isolation
δ reduction of infectivity of asymptomatic
β transmission rate
C contract matrix
ν vaccination

+μ2(z − νtotal)2H2(z − νtotal)dt

H1(νS − νmax) =

{
0 if νS ≤ νmax
1 if νS ≥ νmax

H2(z − νtotal) =

{
0 if z ≤ νtotal
1 if z ≥ νtotal

S′
i = −SiΛi − νiSi
L′
i = SiΛi − κiLi

I ′i = piκiLi − (αi + τi)Ii

A′
i = (1 − pi)κiLi − ηiAi

R′
i = νiSi + (fiαi + τi)Ii + ηiAi

z′ =
2∑

i=1

νiSi, i = 1, 2

New state variable
z(t) =

∫ t
0

ν(s)S(s)ds z(T ) ≤ νtotal

J =

∫ T
0

PI(t) +Qν2(t)

+μ1(νS − νmax)H1(νS − νmax)
Hamiltonian
H(
x, 
u,
λ) = PI(t) +Qν2(t)

+ μ1(ν(t)S(t) − νmax)
2H1

+ μ2(z(t) − νtotal)2H2
+ λ1(−βSΛ − νS)
+ λ2(βSΛ − κL)

+ λ3(pκL− (α+ τ)I)

+ λ4((1 − p)κL− ηA)

+ λ5(νS + (fα+ τ)I + ηA)

+ λ6νS

Disease Dynamics
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subgroup SLIAR model  C = [5 1 ; 1 1]
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p = 0.3
p = 0.5
p = 0.7
p = 1

subgroup SLIAR model  contact matrix [5 1 ; 1 c]

subgroup SLIAR model  contact matrix [5 p ; p 1]

subgroup SLIAR model  
maximum total amounts : 
 50, 40, 30, and 20 % of the number of initial susceptible individuals

time time

V − Φ T
δV

D‖ = 0

possible with the standard

D .Ω

Internal electrode

Region of interest

Ω
j

sj = j -th column of S

= [∫
Ω

j ∇u 1·∇u 1 ∫
Ω

j ∇u 1·∇u 2 · · · ∫
Ω

j ∇u 1·∇u E · · · ∫
Ω

j ∇u p ·∇u q · · · ∫
Ω

j ∇u E ·∇u E
]
T

aste
w local ROI ima

he opposite hemicircle t

approaches the ROI (case 1 to cas

y.

Case 1 Case 2 Case 3
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threshold value using Φ T
S

hold value using S

• The singular value threshold required to produce the

contrast for each case.

• The local ROI imaging method had similar threshold va

with less than 1.73 % variation.

•However the conventional TSVD method showed larger singu

large dependence on the high contrast anomaly position.

� Conclusions and discussions

• The new local ROI imaging method

– improves the sensitivity in the ROI and robustness to noise by comparison of sensitivity matrix values.

– provides the approximated linear system with optimized sensitivity matrix to emphasize the detection

ROI.– is less affected by the high conductivity contrasted object outside of ROI.

• Published: Computational and Mathematical Methods in Medicine, vol. 2013, Article ID 964918, 9 pages,

2013. doi:10.1155/2013/964918
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Localized electrical energy concentration method
for Electrical Impedance Tomography with internal electrode

Hyeuknam Kwon

� Introduction
•Goal: Develop EIT reconstruction method for monitoring liver tumour radiofrequency ablation (RFA)

Before RFA After RFA

•High sensitivity within the ROI (region of interest) is desired since there are significant effects from conductiv-
ity changes outside the ROI such as ventilation, perfusion and movement of the lungs and diaphragm, gastric
activity and blood flow in large vessels.

• Suggest: Additional internal electrode close to ROI & non-uniform boundary electrodes & new algorithm

� Method
� Conventional linear system
• The electric potential ut at time t is induced by injection current through boundary electrodes;{∇ · (γt∇ut)) = 0 in Ω

n · (γt∇ut)) = g on ∂Ω

where n is the outward unit normal vector on ∂Ω and g is the corresponding Neumann data.

•We collect E2 number of boundary voltage data V(t) between Ek and Ek+1 electrodes due to the jth injection
current for a sequence of time t = t1, t2, t3, · · · :

V(t) :=

⎛
⎜⎝V1,1(t), V1,2(t), · · · , V1,E(t)︸ ︷︷ ︸

1-st current

, V2,1(t), · · · , V2,E(t)︸ ︷︷ ︸
2-nd current

, · · · , VE,1(t), · · · , VE,E(t)︸ ︷︷ ︸
E-th current

⎞
⎟⎠
T

where ( )T is the transpose, |E| is the surface area of the electrode, and

Vj,k(t) ≈
I

|E|

(∫
Ek
u
j
tdS −

∫
Ek+1

u
j
tdS

)
≈

∫
Ω
γt∇ujt · ∇ukt dr for j, k = 1, · · · , E.

• The time-difference data due to the time-change of δγ := γt2 − γt1 has the following relation and the linearized
method is based on the following rough approximation

δV := Vj,k(t2)− Vj,k(t1) = −
∫
Ω
δγ∇ujt2 · ∇u

j
t1
dr ≈

∫
Ω
δγ∇uj∗ · ∇uk∗ dr

where u
j∗ is the potential corresponding to a reference conductivity γ = γ∗.

•Discretizing the domain Ω and assuming that δγ is constant on each qn, the time-difference EIT problem can
be changed into solving the following linear system

Sδγ = δV ⇔
⎡
⎣ | |
s1 · · · sN
| |

⎤
⎦
⎡
⎣ δγ1

...
δγN

⎤
⎦ = δV

The n-th column of S is sn =
(∫

qn
∇u1∗ · ∇u1∗ dr, · · · ,

∫
qn
∇uj∗ · ∇uk∗ dr, · · · ,

∫
qn
∇uE∗ · ∇uE∗ dr

)T
.

� Eliminate unrelated data
• Imagine that the linear system is divided into two parts⎡

⎣ | |
s1 · · · sR
| |

⎤
⎦

︸ ︷︷ ︸
SD

⎡
⎣ δγ1

...
δγR

⎤
⎦

︸ ︷︷ ︸
δγD

+

⎡
⎣ | |
sR+1 · · · sN
| |

⎤
⎦

︸ ︷︷ ︸
SΩ\D

⎡
⎣ δγR+1

...
δγN

⎤
⎦

︸ ︷︷ ︸
δγΩ\D

= δV

where D represents ROI in Ω, N is the number of points in Ω, R is the number of points in D,
SDδγD = δVD, and SΩ\DδγΩ\D = δVΩ\D.

• If we could extract the data δVD by filtering out δVΩ\D, the linear system SDδγD = δVD appear.

(a) True image δγ (b) Recon. using δV (c) Recon. using δVD

• In order to eliminate the unrelated data δVΩ\D, we need to find an optimal matrix Φ such that
Φ = argmin

Φ
‖ΦTδV − ΦTδVD‖

• If Φ satisfies ‖ΦTδV − ΦTδVD‖ ≈ 0, then we get the localized linear system

ΦTSδγ ≈ ΦTδVD (since ΦTδV ≈ ΦTδVD)

• If the column vectors s1, · · · , sR are orthogonal to sR+1, · · · , sN , then λD := minΦ ‖ΦTδV − ΦTδVD‖ = 0
by choosing Φ whose rows consist of the column vectors s1, · · · , sR. But, this is not possible with the standard
EIT electrode configuration. We try to find an optimal Φ which minimizes λD.

=

Sδγ= δV

Ω

Internal electrode

Region of interest

•

Ω j

s j = j -th column of S

=
[∫

Ω j
∇u1 ·∇u1

∫
Ω j

∇u1 ·∇u2 · · · ∫Ω j
∇u1 ·∇uE · · · ∫Ω j

∇up ·∇uq · · · ∫Ω j
∇uE ·∇uE

]T

� Suggest linear system
• For finding proper Φ, we propose the following minimization

φk = argmin
φ

⎛
⎜⎝ ∑

qj /∈D
|sj · φ|2 + α ‖ φ− sk ‖22

⎞
⎟⎠ , qk ∈ D

where α is a suitable parameter. We should note that each φk is designed to be close to parallel to sk while
orthogonal to sj for each qj /∈ D.

•We define a matrix Φ whose columns are consisted of {φk}qk∈D:
Φ = (φ1 φ2 · · · φR) where ∪Rn=1 qn = D.

•Multiplication of ΦT gives the linearized system:

ΦTSδγ = ΦTδV

� Numerical simulation & Phantom
experiment
� Electrode configuration

• In order to analyse the boundary electrode position and the benefit
of using an internal electrode with the proposed local ROI imaging
method, we prepared three different kinds of electrode configura-
tion and applied the conventional and local ROI imaging methods.
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� Experiment 1

Model /wo internal electrode /w internal electrode Suggest method

� Experiment 2
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new data difference
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• The effect of the high conductivity contrasted object located outside of ROI.
• There is less effect with the new local ROI imaging method when the object
outside the ROI is in the opposite hemicircle to the ROI.

•As the object approaches the ROI (case 1 to case 3) both methods perform
similarly.

Case 1 Case 2 Case 3
0

10

20

30

40
threshold value using ΦT

S

threshold value using S • The singular value threshold required to produce the same conductivity
contrast for each case.

• The local ROI imaging method had similar threshold values for all cases
with less than 1.73 % variation.

•However the conventional TSVD method showed larger singular values and
large dependence on the high contrast anomaly position.

� Conclusions and discussions
• The new local ROI imaging method
– improves the sensitivity in the ROI and robustness to noise by comparison of sensitivity matrix values.

– provides the approximated linear system with optimized sensitivity matrix to emphasize the detection in
ROI.

– is less affected by the high conductivity contrasted object outside of ROI.

• Published: Computational and Mathematical Methods in Medicine, vol. 2013, Article ID 964918, 9 pages,
2013. doi:10.1155/2013/964918
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